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A method is introduced that allows one to measure normal-ordered moments of the displaced
photon-number operator up to higher orders, without the need of photon-number resolving detec-
tors. It is based on unbalanced homodyne correlation measurements, with the local oscillator being
replaced by a displaced dephased laser. The measured moments yield a simple approximation of
quasiprobabilities, representing the full quantum state. Quantum properties of light are efficiently
certified through normal-ordered observables directly accessible by our method, which is illustrated
for a weakly squeezed vacuum and a single-photon-added thermal state.
PACS numbers: 42.50.Dv, 03.65.Ta, 42.50.Lc, 03.65.Wj
Introduction.— Phase-sensitive measurements of
light play a key role for any application of radiation
fields, both in classical and quantum physics, or tech-
nology. For this purpose, homodyne measurement
techniques were introduced [1]. They rely on the
superposition of the signal with a coherent reference
field—the local oscillator (LO). Excess noise of the
usually strong LO can be eliminated via balanced ho-
modyne detection [2, 3]. In quantum optics this opened
the possibility to fully characterize quantum states of
light [4–7]; for reviews see Refs. [8–10]. Unbalanced
homodyne detection with a weak LO yields a simple
determination of the quantum state [11, 12]. As it needs
to distinguish adjacent photon numbers, it could be
realized for extremely weak signals only [13].
Another important development was the application of
correlation measurement techniques for the experimental
demonstration of the quantum nature of light through
the antibunching of photons in atomic resonance fluores-
cence [14]. A strong point is that the measured intensity
correlations are normal and time ordered, and hence in-
sensitive to vacuum-noise effects. For the measurement
of phase-sensitive squeezing in atomic resonance fluores-
cence, small quantum efficiencies in homodyne detection
pose a severe problem [15]. To overcome this deficiency,
homodyne correlation measurements with a weak LO
were proposed [16, 17]. Only very recently this tech-
nique has been applied to detect squeezing in resonance
fluorescence from a semiconductor quantum dot [18]; see
also Refs. [19–21] for related techniques. These meth-
ods were further developed to combine the advantages of
homodyne correlation and balanced measurements [22].
Using a strong LO, normal-ordered quadrature moments
of high orders can be detected by this balanced homo-
dyne correlation technique.
In the present Letter we introduce an unbalanced ho-
modyne correlation measurement (UHCM) technique.
This method allows for a direct detection of normal-
ordered moments of the displaced photon-number oper-
ator by linear standard detectors and, thus, it overcomes
the limitations of photon-number resolving detectors. It
unifies the simplicity of quantum state characterization
by unbalanced homodyne detection with the loss insen-
sitivity of homodyne correlation measurements. This is
achieved by replacing the standard LO by a novel refer-
ence field, namely a coherently displaced dephased laser
(DDL). Our method will prove beneficial to verify non-
classical phenomena of light by properly constructed and
directly accessible nonclassicality witnesses.
Measurement technique.— The state of single mode
light can be fully represented by the s-parametrized
quasiprobabilities of Cahill and Glauber [23], which can
be given in the simple form [12]
P (α; s) =
2
pi(1− s)
∞∑
n=0
[
η(1− s)− 2
η(1− s)
]n
pn(α), (1)
with s being the ordering parameter and η the quan-
tum efficiency. It depends on the photoelectric count-
ing statistics pn(α) of the coherently displaced quantum
state, ρˆ 7→ ρˆ(−α),
pn(α) =
〈
:
(ηnˆ(α))n
n!
e−ηnˆ(α) :
〉
. (2)
Here, nˆ(α) = (aˆ† − α∗)(aˆ − α) is the displaced photon-
number operator. The symbol : · : denotes normal order-
ing of the annihilation and creation operators aˆ and aˆ†,
respectively. Even in the case of imperfect detection, for
quantum efficiencies η < 1, the quantum state is obtained
through Eq. (1) from the measured statistics.
The unbalanced homodyne detection method for
the experimental state reconstruction is based on the
measurement of the displaced photon-number statis-
tics (2). Approaches were introduced in Ref. [11] for the
Wigner function, in Ref. [12] for general s-parametrized
quasiprobabilities, and in Ref. [24] for more general reg-
ular quasiprobabilities. In principle, the experimental
implementation of these state reconstructions requires
photon-number resolving detectors. Even novel tech-
niques, such as superconducting nanowire [25, 26] or
transition-edge [27, 28] detectors, only resolve moderate
photon numbers, so that a truncation of the photon num-
ber in Eq. (1) is indispensable. This necessitates involved
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2studies of systematic errors [24]. In this Letter we solve
the problem by focussing on normal-ordered moments of
the displaced photon number. The knowledge of all these
moments determines the statistics (2) via
pn(α) =
∞∑
`=n
(−1)`−n η
`
(`− n)!
1
n!
〈: [nˆ(α)]` :〉, (3)
from which the full state representation in terms of
quasiprobabilities (1) is derived. As we will see below,
a truncation of the quasiprobabilities, in the order of
moments 〈: [nˆ(α)]m :〉 rather than in the photon num-
ber, does not introduce any systematic error with re-
spect to the certification of nonclassical effects. More-
over, our UHCM technique directly yields the moments
〈: [nˆ(α)]m :〉 with linear standard detectors which even
applies to large photon numbers.
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FIG. 1. Experimental UHCM setup. The signal (SI) is com-
bined with a displaced dephased laser (DDL) at a highly
transmitting beam splitter. The output aˆ0 is recorded via
a correlation measurement device (CMD), which yields the
moments 〈: [nˆ(α)]m :〉.
The basic setup of our measurement technique is il-
lustrated in Fig. 1. The signal aˆ is combined with the
displaced dephased laser (DDL) by a beam splitter of
high transmissivity, with amplitude transmittance and
reflectance T and R, respectively. The DDL replaces
the local oscillator used in standard homodyne detec-
tion. This unusual reference field is used to accomplish
that the moments 〈: [nˆ(α)]m :〉 are directly extracted
from the detection of the output field aˆ0 of the beam
splitter with a correlation measurement device (CMD).
The DDL is produced, by combining a mode bˆR, pre-
pared in a strong and fully dephased coherent state,∫ 2pi
0
dφ |βReiφ〉〈βReiφ|/2pi, βR ∈ R, with a comparatively
weak local oscillator of complex amplitude βD at a sec-
ond beam splitter with amplitude transmittance TD and
reflectance RD. In phase space, the DDL has the form
of a circle with the radius |RD|βR, which is much greater
than the displacement amplitude, |TDβD|, of the circle
center. The DDL eliminates the coherent terms in the
quadratures detected in balanced homodyne correlation
measurements; see Ref. [22]. Its strong incoherent am-
plitude, βR, guarantees a sufficiently strong field at the
CMD to record moments up to higher orders. The sig-
nal displacement caused by the DDL, α = −RTDβD/T ,
controls the position in phase space, as desired in unbal-
anced homodyne detection. The signal aˆ undergoes the
transformation
aˆ0 = T (aˆ− α) +RRDbˆR, (4)
which yields the field in the input channel of the CMD.
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FIG. 2. Structure of the CMD. The input mode is divided
into M modes, each one being recorded by a detector. The
amplitude in each channel is attenuated by an individual fac-
tor Tu, u = 1, . . . ,M . The correlations in the AC parts of
the amplified detector currents of different detectors are eval-
uated.
The structure of the CMD is shown in Fig. 2. The
mode aˆ0 is split into M output modes aˆu, u = 1, . . . ,M .
If Tu denotes the overall amplitude transmission through
the path from mode aˆ0 to mode aˆu, the simple relation
aˆu = Tuaˆ0 + vac (5)
holds true. The intensities of these modes are recorded
by linear photodetectors with quantum efficiencies ηu.
The electronic output signal of each detector is linearly
amplified by a factor gu, resulting in an electric current
cu. For our method to work properly, it is required that
the mean currents, cu, are equal for all detectors, i.e.,
guηu|Tu|2 = ζ, where ζ is an arbitrary but fixed positive
constant. This is easily achieved by adjusting the indi-
vidual gain factors gu of the classical output currents of
the detectors.
The measurement technique uses only the detected al-
ternating currents (ac), labeled as c˜u. Based on N ac-
data points, {c˜u,j}Nj=1, from each detector Du, the equal-
3time ac-correlation of 2m detectors is
c˜1 · · · c˜2m = 1
N
N∑
j=1
c˜1,j · · · c˜2m,j . (6)
According to Sec. III of the Supplemental Material, this
quantity is related to the normal-ordered displaced num-
ber moment of power m,
Γm,α = c˜1 · · · c˜2m =
(
2m
m
)
ζ˜2m 〈: [nˆ(α)]m :〉 , (7)
with ζ˜ = ζ|T ||R||RD|βR. Herein the detector efficiencies
ηu appear only as prefactors, as vacuum effects are not
detected in the correlation measurement. Equation (7)
is a central result of this Letter. The effect of ampli-
tude fluctuations of the DDL are studied in Sec. VII of
the Supplemental Material. The dephasing of the DDL
can be realized during the data sampling, by continu-
ous phase shifting. As long as the phase distribution
is uniform, possible short-time coherences do not affect
the measurement outcome. This can be realised by a
phase postprocessing through quantum random number
generation based on the detection of vacuum noise, as
performed in [29].
A strength of our technique compared to balanced
homodyne detection is that no reference measurements
like the vacuum detection for proper normalization is re-
quired, which would give rise to statistical uncertainties.
Remarkably, even the dark noise appearing in each de-
tector independently is erased by the UHCM technique.
For a proof of this statement we refer to Sec. IV of the
Supplemental Material. However, occasionally occurring
correlated detector dark counts, e.g., due to background
light or current fluctuations in a common power supply,
require a more careful analysis. Most importantly, our
method does not require photon-number resolving detec-
tors.
It is noteworthy that the generalization of our method
to multimode radiation and even to space-time depen-
dent correlation measurements is straightforward. In
principle, one may use for each radiation mode a CMD
of the type under study. The determination of space-
time dependent quantum correlations of light [30] needs
control of the relative time delays in the recorded data.
Certification of nonclassicality.— A possible applica-
tion of the UHCM technique is the certification of non-
classicality. For this purpose we consider observables of
the form Wˆ = : fˆ†(aˆ, aˆ†)fˆ(aˆ, aˆ†) :. Whenever its expecta-
tion value is negative, the state cannot be represented as
a mixture of coherent states, ρˆ =
∫
d2αPcl(α)|α〉〈α|, with
a classical probability distribution Pcl(α). Such states are
referred to as nonclassical ones [31, 32].
Let us consider the operator
fˆ (k)w (α) =
k∑
m=0
h(k)m w
2m [nˆ(α)]
m
, (8)
with a positive constant w and the (k + 1)-dimensional
unit vector h(k) = (h0, . . . , hk)
T , weighting the powers
of the displaced photon-number operator up to order k.
Our UHCM technique detects normal-ordered moments
of the displaced photon number. Thus, the function
F (k)w (α) = 〈: fˆ (k)†w (α)fˆ (k)w (α) :〉 = h(k)TL(k)w (α)h(k)(9)
can be determined by the symmetric matrix of moments,
[L(k)w (α)]mm′ = w
2(m+m′)〈: [nˆ(α)]m+m′ :〉, (10)
with m,m′ = 0, . . . , k. The function (9) requires the mo-
ments 〈: [nˆ(α)]z :〉 for z = 1, . . . , 2k, which are accessible
with 4k detectors. The matrix elements of L(k)w (α) follow
from the measured correlations, Γm,α in Eq. (7), as
[L(k)w (α)]mm′ =
w˜2(m+m
′)(
2(m+m′)
m+m′
)Γm+m′,α (11)
with the rescaled parameter w˜ = w/ζ˜. If F
(k)
w (α) < 0 for
some α, the state is nonclassical.
Interestingly, the function F
(∞)
w (α) represents the reg-
ularized quasiprobabilities Pw(α) in phase space if one
replaces in Eq. (9) h(∞) 7→H, with the components
Hm =
21/q+1/2w√
piqΓ (2/q)
(−1)m
(m!)2
Γ
(
2
q
(m+ 1)
)
, (12)
with m = 0, . . . ,∞, Γ(·) the gamma function, and
q ∈ (2,∞); for details see Sec. II of the Supplemental
Material. The function Pw(α) is not only a full state rep-
resentation of the signal field, it also provides a universal
nonclassicality test [33, 34]. It approaches the Glauber-
Sudarshan P function [35, 36] in the limit w → ∞;
see Ref. [33] and Sec. I of the Supplemental Material.
The regularized P function, Pw, was successfully recon-
structed via balanced homodyne detection [37, 38]. Non-
classicality is certified by negativities of this quasiprob-
ability. However, such a reconstruction is sophisticated
and requires the numerical calculation of pattern func-
tions, cf. the Supplemental Material of Ref. [38].
Partial reconstruction of the regularized P function
is feasible by applying in Eq. (9) for h(k) the (k + 1)-
dimensional unit vector H˜(k) = H(k)/‖H(k)‖, where the
components of H(k) are equal to the first (k+ 1) compo-
nents of H, cf. Eq. (12). The quantity
P(k)w (α) = H˜(k)TL(k)w (α)H˜(k) (13)
is referred to as the truncated regularized P function and
is directly accessible via UHCM. It is important that, in
the case of our truncation procedure, the negativities of
P(k)w still certify nonclassicality. In principle, an infinite
number of detectors yields a complete state reconstruc-
tion in terms of the regularized P function.
4In general, the vector H˜(k) does not minimize F
(k)
w (α)
in Eq. (9). To get an optimal nonclassicality test, we
determine the minimal eigenvalue of the matrix (10),
F (k)w (α) = min
h(k)
F (k)w (α) = min
{
S[L(k)w (α)]
}
, (14)
where S[·] denotes the spectrum of a matrix. Hence,
it holds that F (k)w (α) ≤ P(k)w (α) and also F (k
′)
w (α) ≤
F (k)w (α) for k′ > k. Recently, a similar approach was
proposed for multiple on-off detectors [39]. The error
calculation for F (k)w (α) in Eq. (14) is somewhat involved,
cf. Sec. V of the Supplemental Material.
The above considerations are closely related to
the matrix of moments approach of Agarwal and
Tara [40]. Its generalization to displaced photon num-
bers, [M (α)]mm′ = 〈: [nˆ(α)]m+m
′
:〉, yields, in the limit
of infinite matrix dimension, the full information about
nonclassicality. The appearance of negativities of P(k)w (α)
depends on the value of w. The occurrence of negativi-
ties of F (k)w (α), however, is independent of w. The value
of w can be used to optimize the statistical significance.
Imperfect detection (ηu < 1) can be compensated by ad-
justing w, cf. Eq. (11), since detector efficiencies are just
prefactors in Eq. (7). Hence, precise knowledge of detec-
tor efficiencies is superfluous for certifying nonclassicality.
Results for some nonclassical states.— The method
described above is now applied to two different nonclas-
sical states. The first one is a weakly squeezed vacuum
state, |ξ〉 = exp[(ξ∗aˆ2 − ξaˆ†2)/2]|vac〉, with a relatively
small value of |ξ| = 0.03. Therefore, it is very close to
the vacuum state. The Wigner function of a squeezed
vacuum state is known to be non-negative and, thus, it
does not certify nonclassicality by negative values.
Figure 3 shows the truncated regularized P func-
tion (13) for k = 1, 2, q = 10, cf. Eq. (12), and w = 1.5
along the squeezing axis, as well as the minimal eigen-
values F (k)w (α); see Eq. (14). Negative values of these
functions certify nonclassicality. Both functions are mul-
tiplied with the same Gaussian function to suppress
their polynomial divergence for |α| → ∞. The func-
tion F (1)w (α) is negative in a much larger α interval than
P(1)w (α). For k = 2, the truncated regularized P function
is non-negative, whereas the minimal eigenvalue is clearly
negative. As k is increased, P(k)w (α) approaches the reg-
ularized P function. Remarkably, already P(1)w (α) proves
the nonclassicality very well. The negativities of P(1)w and
F (1)w are for the same amount of data even more signifi-
cant than those of F (2)w ; for details see Sec. VI of the Sup-
plemental Material. This surprising result means that
fewer detectors can even yield more insight than many
detectors, also compare similar conclusions for measure-
ments with multiple on-off detectors [41]. As a general
rule, to restrict the needed resources, a truncation is ad-
visable whenever a significant certification of quantum
effects has been achieved.
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FIG. 3. The minimal eigenvalues F (k)w (α) and the truncated
regularized P function, P(k)w (α), are shown for k = 1, 2, q =
10, and w = 1.5; for a squeezed vacuum state with ξ = 0.03.
All functions are multiplied with exp[−|α|2]. Negative values
certify nonclassicality.
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FIG. 4. The minimal eigenvalues F (k)w (α) and the truncated
regularized P function, P(k)w (α), are shown for k = 1, 2, q =
10, and w = 1.3; for the SPATS with the parameters described
in the text. All functions are multiplied with exp[−1.4|α|2].
Negative values certify nonclassicality.
As a second example, a single-photon-added thermal
state (SPATS), ρˆ ∝ aˆ†(n/(1 + n))nˆaˆ, is considered with
the mean photon number n of the thermal background.
This state is comparable to a single photon state, which
embodies the particle nature of light. For the overall
quantum efficiency of 0.5 and n = 0.8, several nonclassi-
cality conditions were tested [42], which did not certify
quantumness. In Fig. 4 it is seen that the functions P(k)w
are nonnegative for w = 1.3, q = 10, and k = 1, 2. How-
ever, the minimal eigenvalue F (k)w attains negative values
5for k ≥ 2, uncovering the nonclassicality of this state.
Conclusions.— In conclusion, we have proposed un-
balanced homodyne correlation measurements for a di-
rect experimental determination of normal-ordered dis-
placed photon-number moments. This becomes feasible
by combining the signal field with a displaced dephased
laser, then recording the resulting light by a number of
linear standard detectors, and correlating the alternating
photocurrents. Based on these moments, one obtains an
approximate quasiprobability representation of the quan-
tum state. For our method, photon-number resolving de-
tectors are not required. The determination of the mini-
mal eigenvalue of the matrix of normal-ordered displaced
photon-number moments yields a powerful nonclassical-
ity test, as it is demonstrated for two examples.
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Section I gives a brief introduction to regularized P functions and nonclassicality filters. Section II
provides a witness operator which corresponds to the regularised P function. Section III relates the
equal-time correlation of alternating electric currents to normal-ordered displaced number moments.
Section IV shows that dark noise, appearing independently in each of the detectors, is irrelevant
in the considered unbalanced homodyne correlation measurement scheme. In the Section V, the
error calculation is performed and statistical significances are considered in Section VI. In Sec. VII,
amplitude fluctuations of the DDL are studied.
I. REGULARIZED P FUNCTION
It is known, that the Glauber-Sudarshan P function is given by the Fourier transform of its characteristic function
Φ(β), i.e.,
P (α) =
1
pi2
∫
d2β Φ(β) eαβ
∗−α∗β . (1)
Due to the fact, that the characteristic function Φ(β) for some states diverges for |β| → ∞, the P function is in
general highly singular, which prevents its experimental reconstruction. This problem is completely solved by so-
called nonclassicality filters, Ωw(β). These functions map Φ(β) to a new characteristic function Ωw(β)Φ(β), which
corresponds to a regularized P function [1],
Pw(α) =
1
pi2
∫
d2β Ωw(β) Φ(β) e
αβ∗−α∗β . (2)
This phase-space distribution is a measurable counterpart of the P function and is also referred to as nonclassicality
quasiprobability. The nonnegativity of the Fourier transform of the filter guarantees that negativities of Pw have its
origin solely in the nonclassical character of the state and not in the filtering procedure. The regularized P function
approaches the P function by increasing the filter width parameter, w → ∞. Accordingly, a state is nonclassical, if
there exists an w <∞ and an α, so that Pw(α) < 0. Our approach applies autocorrelation filters of the form
Ωw(β)=
q22/q−1
piΓ(2/q)w2
∫
d2β′ e−(|β
′|/w)q−(|β+β′|/w)q . (3)
The parameter q ∈ (2,∞) fixes a particular filter function and Γ(·) is the gamma function.
II. WITNESSES CORRESPONDING TO REGULARIZED P FUNCTIONS
The regularized P function can be written as a convolution
Pw(α) =
∫
d2 γP (γ)F [Ωw] (α− γ, α∗ − γ∗) (4)
of the P function with the Fourier transform F [·] of the nonclassicality filter,
Ωw(β)=
∫
d2β′ f˜∗w(β
′, β′∗) f˜w(β + β′, β∗ + β′∗). (5)
The latter is an autocorrelation function of the function
f˜w(β, β
∗) =
1
w
√
q 22/q−1
piΓ(2/q)
e−(|β|/w)
q
, (6)
2and, thus, its Fourier transform is given by
F [Ωw] (α, α∗) =
∣∣∣F [f˜w](α, α∗)∣∣∣2 = 〈α| : fˆ†wfˆw : |α〉 (7)
with the definition
fˆw = F [f˜w](aˆ, aˆ†). (8)
Applying relation (7), the regularized P function (4) can be rewritten as
Pw(α) =
∫
d2γ P (γ)〈γ|Dˆ(α) : fˆ†wfˆw : Dˆ†(α)|γ〉
= 〈Wˆ (α)〉, (9)
i.e., as the expectation value of a witness operator
Wˆ (α) = Dˆ(α) : fˆ†wfˆw : Dˆ
†(α). (10)
In order to determine the operator function fˆw it is necessary to calculate the Fourier transform of (6). One obtains
for this quantity after a straightforward calculation
F [f˜w](α, α∗) = w 2
1/q+1/2√
piqΓ(2/q)
∞∑
m=0
(−w2|α|2)m
(m!)2
Γ
(
2
q
(m+ 1)
)
, (11)
and according to Eq. (8)
fˆw = w
21/q+1/2√
piqΓ(2/q)
∞∑
m=0
(−1)m
(m!)2
Γ
(
2
q
(m+ 1)
)
w2mnˆm. (12)
With this last equation the witness operator (10) is completely determined.
III. EQUAL-TIME CORRELATION
In this section we relate the equal-time correlation
Γm,α = c˜1 · · · c˜2m, (13)
of the alternating currents (AC), c˜u, of 2m different detectors of the UHCM setup in Figs. 1 and 2 of the main text,
to the moment 〈: [nˆ(α)]m :〉. In the further calculation the AC c˜u is assumed to be obtained by subtracting the mean
current cu (DC) from the photocurrent cu. The expression (13) can be related to quantum mechanical expectation
values by using photoelectric detection theory,
Γm,α = (c1 − c1) · · · (c2m − c2m)
= (g1 · · · g2m)(η1 · · · η2m)
〈
: [aˆ†1aˆ1 − 〈aˆ†1aˆ1〉] · · · [aˆ†2maˆ2m − 〈aˆ†2maˆ2m〉] :
〉
. (14)
Here ηu and gu are the quantum efficiency of the detector Du and the gain factor of the output current, respectively.
Using the relation
aˆu = Tuaˆ0 + vac, (15)
between the modes aˆ0 and aˆu, the latter recorded by detector Du, Eq. (14) can be rewritten as
Γm,α = ζ
2m
〈
:
[
aˆ†0aˆ0 − 〈aˆ†0aˆ0〉
]2m
:
〉
, (16)
where the balance condition guηu|Tu|2 = ζ, for all u = 1, . . . , 2m, is used. This is easily done by adjusting the gu
values of the amplifiers. The signal aˆ is combined with the field of a displaced dephased laser (DDL) at a highly
transmitting beam splitter with amplitude transmittance T and reflectance R. The DDL is produced by combining
3the field bˆR of a fully dephased coherent state of amplitude βR ∈ R with a coherent state of amplitude βD at a beam
splitter with amplitude transmittance TD and reflectance RD. In total this can be described by the relation
aˆ0 = T (aˆ− α) +RRDbˆR, (17)
with α = −RTDβD/T . The corresponding number operator reads as
nˆ0 = |T |2nˆ(α) + |R|2|RD|2bˆ†RbˆR + T ∗RRD(aˆ† − α∗)bˆR + TR∗R∗D(aˆ− α)bˆ†R, (18)
where nˆ(α) is the displaced photon number operator nˆ(α) = (aˆ† − α∗)(aˆ− α). Since the mode bˆR is in the dephased
coherent state,
∫ 2pi
0
dφ |βReiφ〉〈βReiφ|/(2pi), one gets for the expectation value of nˆ0 the expression
〈nˆ0〉 = |T |2〈nˆ(α)〉+ |R|2|RD|2β2R. (19)
Inserting these results into Eq. (16), one may derive
Γm,α =
(ζ|T |)2m
2pi
∫ 2pi
0
dφ
〈
:
[|T |(nˆ(α)− 〈nˆ(α)〉) + |R||RD|(aˆ† − α∗)βReiφ + |R||RD|(aˆ− α)βRe−iφ]2m :〉 . (20)
In the limit of a strong amplitude βR, this expression simplifies to
Γm,α = (ζ|T ||R||RD|βR)2m 1
2pi
∫ 2pi
0
dφ
〈
:
[
(aˆ† − α∗)eiφ + (aˆ− α)e−iφ]2m :〉
= (ζ|T ||R||RD|βR)2m
(
2m
m
)
〈: [nˆ(α)]m :〉 . (21)
Introducing the new variable ζ˜ = ζ|T ||R||RD|βR, one arrives at the final result
Γm,α =
(
2m
m
)
ζ˜2m〈: [nˆ(α)]m :〉. (22)
IV. IRRELEVANCE OF UNCORRELATED DARK NOISE IN UHCM
The joint-event statistics, for recording m1 photons at detector D1, m2 photons at detector D2 and so on, with
including dark noise νˆu of detector Du, is given by
Pm1,...,mM =
〈
:
(η1nˆ1 + νˆ1)
m1
m1!
e−(η1nˆ1+νˆ1) · · · (ηM nˆM + νˆM )
mM
mM !
e−(ηM nˆM+νˆM ) :
〉
. (23)
In an analogous manner as in Eq. (14) we derive
Γm,α = (c1 − c1) · · · (c2m − c2m)
= (g1 · · · g2m)
〈
:
2m∏
u=1
[ηu(nˆu − 〈nˆu〉) + (νˆu − 〈νˆu〉)] :
〉
. (24)
If the dark counts in different detectors are uncorrelated and obey arbitrary statistics, one obtains
Γm,α = (g1 · · · g2m)(η1 · · · η2m) 〈: (nˆ1 − 〈nˆ1〉) · · · (nˆ2m − 〈nˆ2m〉) :〉 . (25)
Obviously, this result is the same as Eq. (14), where the dark noise is ignored. Of course, more care is needed in
imperfect settings where dark counts of different detectors may be correlated, e.g., in case of background light or
current fluctuations in a common power supply.
4V. ERROR CALCULATION
This section outlines the determination of the error bar for the minimal eigenvalue of the (k + 1)× (k + 1) matrix
of moments, [
L(k)w (α)
]
mm′
=Mw,m+m′,α, (26)
where
Mw,`,α = w2`〈: [nˆ(α)]` :〉. (27)
For this purpose, in a first step the error of the elements of this matrix is calculated in a straightforward manner.
The measurement of 〈: [nˆ(α)]m :〉 requires 2m different detectors. Accordingly, to obtain the matrix (26) the number
M of detectors has to be greater than or equal to 4k. As derived in Section III, the equal-time correlation of 2m ACs
yields the elements of the matrix (26), i.e.,
Mw,`,α = w˜
2`(
2`
`
) c˜1 · · · c˜2`. (28)
with w˜ = w/ζ˜. Let N be the number of data samples used to calculate this correlation. Then the sampling error of
Mw,`,α is calculated as
∆Mw,`,α = w˜
2`
√
N
(
2`
`
) √ c˜21 · · · c˜22` − (c˜1 · · · c˜2`)2. (29)
The first expectation value on the right hand side can be evaluated as
c˜21 · · · c˜22` = (c1 − c1)2 · · · (c2` − c2`)2
=
∞∑
v1=0
· · ·
∞∑
v2`=0
Pv1,...,v2`(g1[v1 − v1])2 · · · (g2`[v2` − v2`])2, (30)
where the joint-event statistics,
Pv1,...,v2` =
〈
:
(η1nˆ1)
v1
v1!
e−η1nˆ1 · · · (η2`nˆ2`)
v2`
v2`!
e−η2`nˆ2` :
〉
, (31)
is the probability to measure v1 photocounts at detector D1, v2 photocounts at detector D2, and so on. It is easy
to show by using photoelectric detection theory, the balance condition guηu|Tu|2 = ζ, and relation (15), that (30)
simplifies to
c˜21 · · · c˜22` = (g1η1)2 · · · (g2`η2`)2
〈
:
2∏`
u=1
[
(nˆu − 〈nˆu〉)2 + nˆu/ηu
]
:
〉
= ζ4`
〈
:
2∏`
u=1
[
(nˆ0 − 〈nˆ0〉)2 + nˆ0/(ηu|Tu|2)
]
:
〉
. (32)
For the subsequent calculation, it is advantageous to introduce additionally the symbol
Ξ`,p =
∑
U⊆{1,...,2`}
|U|=2`−p
∏
u∈U
1
ηu|Tu|2 , p = 0, . . . , 2`. (33)
Now, the further evaluation of (32) yields
c˜21 · · · c˜22` = ζ4`
2∑`
p=0
Ξ`,p
〈
: (nˆ0 − 〈nˆ0〉)2p nˆ2`−p0 :
〉
. (34)
5The quantum mechanical expectation values can be related to the signal field by considering the combination (17) of
the signal field aˆ with the displaced dephased laser at a beam splitter as
c˜21 · · · c˜22` = ζ4`
2∑`
p=0
Ξ`,p
1
2pi
∫ 2pi
0
dφ
×
〈
:
[|T |2(nˆ(α)− 〈nˆ(α)〉) + |T ||R||RD|(aˆ† − α∗)βReiφ + |T ||R||RD|(aˆ− α)βRe−iφ]2p
× [|T |2nˆ(α) + |R|2|RD|2β2R + |T ||R||RD|(aˆ† − α∗)βReiφ + |T ||R||RD|(aˆ− α)βRe−iφ]2`−p :〉
= ζ4`
2∑`
p=0
Ξ`,p
∑
a1+a2+a3=2p
(
2p
a1, a2, a3
) ∑
b1+b2+b3=2`−p
(
2`− p
b1, b2, b3
)
×|T |2a1(−|T |2〈nˆ(α)〉)a2 (|T ||R||RD|βR)a3 |T |2b1(|R|2|RD|2β2R)b2 (|T ||R||RD|βR)b3
×1[(a3 + b3) even]
(
a3 + b3
(a3 + b3)/2
)〈
: [nˆ(α)]a1+b1+(a3+b3)/2 :
〉
. (35)
Here 1[a] is 1 if a is true, and 0 otherwise. Inserting Eq. (27) and Eq. (35) into Eq. (29), yields the error ∆Mw,`,α.
This expression is useful to determine the error without the need for simulating experimental data. For the recorded
ACs {c˜(t)u }Nt=1 of 2m different detectors Du, each sequence containing N data samples, the sampling error may be
determined by the formula
∆Mw,`,α =
√√√√ 1
N(N − 1)
N∑
t=1
[
w˜2`(
2`
`
) c˜(t)1 · · · c˜(t)2` −Mw,`,α
]2
. (36)
Using the error [∆L(k)w (α)]mm′ = ∆Mw,m+m′,α of the elements of the matrix L(k)w (α), the error of the minimal
eigenvalue,
F (k)w (α) = min
{
S[L(k)w (α)]
}
, (37)
of this matrix with the spectrum S, is obtained by performing a linear error propagation. If the unit vector v ≡ v(k)w (α)
is an eigenvector corresponding to the minimal eigenvalue (37), the error of F (k)w (α) reads as
∆F (k)w (α) = |v|T∆L(k)w (α)|v|, (38)
where |v| = (|v0|, . . . , |vk|). From Eqs. (37) and (38) one may determine the statistical significance as
Σ =
{
|F (k)w (α)|/∆F (k)w (α) if F (k)w (α) < 0
0 else
. (39)
VI. STATISTICAL SIGNIFICANCE
In the main text a weakly squeezed vacuum state and a single-photon-added thermal state are considered. Figs. 1
and 2 show the statistical significances Σ of the negativities of F (k)w (α) and P(k)w (α) for these states. The significance
is determined according to Eq. (39). In Fig. 1 the value of Σ is zero for P(2)w (α) and in Fig. 2 the only nonvanishing
Σ-value occurs for F (2)w (α). A significance of Σ & 5 clearly certifies the nonclassicality of the state.
VII. AMPLITUDE FLUCTUATIONS OF THE DDL
Since we are dealing with unbalanced homodyne measurements, we must consider amplitude fluctuation effects of
the DDL. In this case we replace Eq. (7) in the main part of the Letter with
Γm,α = c˜1 · · · c˜2m =
(
2m
m
)
ζ˜2m 〈: [nˆ(α)]m :〉 , (40)
ζ˜2m = (ζ|T ||R||RD|)2mβ2mR . (41)
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FIG. 1: (Color online) The statistical significance Σ for
N = 106 data samples is shown for the minimal eigenvalues
F (k)w (α) and the truncated regularized P function P(k)w (α) for
a squeezed vacuum state with ξ = 0.03 along the squeezed
axis, for q = 10 and w = 1.5. The functions are illustrated
for k = 1 and k = 2.
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FIG. 2: (Color online) The statistical significance Σ for
N = 107 data samples is shown for the minimal eigenvalues
F (k)w (α) and the truncated regularized P function P(k)w (α) for
the SPATS with the parameters described in the main text
along the imaginary axis, for q = 10 and w = 1.3. The func-
tions are illustrated for k = 1 and k = 2.
Let us assume that the amplitude fluctuations, ∆βR = βR − βR, are Gaussian. In typical experiments, the relative
intensity fluctuations can be stabilized to about 10−2, over time intervals of the order needed for state reconstruction.
For moments of increasing order the effects of amplitude noise are increasing. The examples in the Letter require
moments of fourth order, for which we consider the noise effects. For Gaussian noise the leading terms are
β4R ≈ βR
4
(
1 + 28
∆β2R
βR
2
)
≈ βR4(1 + 7× 10−4). (42)
Hence for moments up to fourth order it is still a very good approximation to ignore the amplitude fluctuations. In
case of higher-order moments the amplitude fluctuations can be recorded in an auxiliary channel in Fig. 1 of the Letter,
and the measured correlations according to Eq. (40) can be corrected by dividing with the recorded β2mR values. The
relative intensity fluctuations of the DDL are further reduced by correcting the data within sufficiently small time
intervals.
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